In this paper sufficient conditions for the supersolubility of finite groups are given under the assumption that the maximal subgroups of Sylow subgroups of the group and the maximal subgroups of Sylow subgroups of the Fitting subgroup are well-situated in the group. That will improve earlier results of Srinivasan [7] , Asaad et al. [l] and Ballester-Bolinches
is to analyze the influence of this subgroup embedding property in the supersolubility of finite groups.
Definition.
A subgroup H of a group G is said to be S-quasinormally embedded in G if for each prime p dividing the order of H, a Sylow p-subgroup of H is also a Sylow p-subgroup of some S-quasinormal subgroup of G.
A permutably embedded subgroup (see [2] ) is S-quasinormally embedded in G. The converse does not hold in general. It is enough to consider a p-group (p a prime) with a non-permutable subgroup. Our first result is very useful in proofs using induction arguments. Its proof is a routine checking.
Lemma 1. Suppose that U is S-quasinormally embedded in a group G, H < G and K a normal subgroup of G. Then: (a) v U 2 H, then U is S-quasinormally embedded in H. (b) UK is S-quasinormally embedded in G and UK/K is S-quasinormally embedded in G/K. (c) If K 5 H and H/K is S-quasinormally embedded in G/K, then H is S-quasinormally embedded in G.
The motivation for our next result is as follows: Srinivasan [7] proves that if G is a group and if each maximal subgroup of Sylow subgroups is S-quasinormal in G, then G is supersoluble.
Ballester-Bolinches [2] proves that Srinivasan's theorem can be extended in the soluble universe to permutably embedded subgroups. Since obviously every S-quasinormal subgroup is S-quasinormally embedded, Srinivasan's theorem and Ballester-Bolinches' theorem are consequences of the following: Theorem 1. Let G be a jinite group. If each maximal subgroup of Sylow subgroups of G is S-quasinormally embedded in G, then G is supersoluble.
Proof. Assume the result is false and take G a counterexample of minimal order.
Let N be a minimal normal subgroup of G. We see that the group G/N satisfies the hypothesis of the theorem. Let Q/N be a Sylow subgroup of G/N. Then there exists a Sylow subgroup P of G such that Q= PN. Now let M/N be a maximal subgroup of Q/N. Then M = N(P n M) and P n M is a maximal subgroup of P. By hypothesis, P nM is S-quasinormally embedded in G. Hence M/N is S-quasinormally embedded in GIN by Lemma 1. By the minimal choice of G, we have that G/N is supersoluble. Since the class of all supersoluble groups is a saturated formation, it follows that G is a primitive group such that N = Sot(G) is a minimal normal subgroup of G. Moreover there exists a proper subgroup X of G such that G = NX. We distinguish two cases:
Case 1: G is a primitive group of type 2, i.e. the unique minimal normal subgroup N ofGisnon-abelianandN~ExEx...
x E, with E a non-abelian simple group. Then X can be chosen as a supplement of N in G. Let p be a prime dividing the order of G. Then there exist a Sylow p-subgroup NP of N and a Sylow p-subgroup X, of X such that P = NpXp is a Sylow p-subgroup of G.
We have that either P =X, and then X contains a Sylow p-subgroup of G or there exists a maximal subgroup M of P such that X, is contained in M. Suppose the second possibility is true. By hypothesis, M is S-quasinormally embedded in G. Hence we can find a subgroup B of G such that B is S-quasinormal in G and M is a Sylow p-subgroup of B. Suppose that Corec(B) = 1. Then B is a nilpotent group by Theorem A. Moreover B is subnormal in G by [6] . This implies that B is contained in F(G), the Fitting subgroup of G. But F(G) = 1 because N is non-abelian. Therefore X, = 1 and P = Np is a Sylow p-subgroup of G. We see that in this case P should be cyclic of order p. In order to prove it, let A be a maximal subgroup of P = Np. Then A is S-quasinormally Then IMI=(iXplIMnNI)/lXpnNI=IXplINpI/(lXpnNPI)= IP(, a contradiction.
Therefore we have proved that if p divides the order of G, then it follows that either X contains a Sylow p-subgroup of G or N contains a Sylow p-subgroup of G. In the second case, this Sylow p-subgroup should be cyclic of order p.
Denote n = rc(N). Since G/N is supersoluble, it follows that X/(N nX) is supersoluble. In particular, X/(N nX) is soluble. Let H be a subgroup of G such that H/(N n X) is a Hall rc-subgroup of X/N n X. Suppose that NH is a proper subgroup of G. Then it is easy to see that the hypothesis of the theorem holds in NH. By the minimal choice of G, it follows that NH is supersoluble, a contradiction. Hence we have G = NH and G is a n-group. Suppose that for each prime p E TC, the Sylow p-subgroups of N are Sylow p-subgroups of G. Then G=N and, by the above argument, every Sylow subgroup of G is cyclic. By [5; IV, 2.91, G is soluble, a contradiction. Consequently there exists a prime p dividing the order of G such that if P is a Sylow p-subgroup of G, then 1 #P n N is a proper subgroup of P. Suppose that P fl N is contained in Q(P), the Frattini subgroup of P. Then, applying a result due to Tate [5, Ch. IV, Satz 4.71, it follows that N is p-nilpotent. This implies that N is a p'-group, a contradiction. Consequently N n P is not contained in Q(P) and there exists a maximal subgroup A4 of P such that P=(P nN)M.
By hypothesis, M is S-quasinormally embedded in G. So there exists a subgroup B of G such that B is S-quasinormal in G and We see that N is cyclic. Let p be the prime dividing JNJ and let P be a Sylow subgroup of G containing N. Let A be a maximal subgroup of P not containing N. Since A is S-quasinormally embedded in G, we can find an S-quasinormal subgroup of G, B say, such that A is a Sylow p-subgroup of B. From the fact that N is not contained in A, we have CoreG(B) = 1. By Theorem A, we know that B is nilpotent. So B is contained in F(G) = N because B is subnormal in G. Therefore the above argument implies that if A is a maximal subgroup of P, we have either A is contained in N or N is contained in A. Since N is not contained in the Frattini subgroup of P, it follows that there exists a maximal subgroup A of P such that A 5 N. Moreover A is S-quasinormal in G because A=B. Since A is normal in P and normalized by P(G)
by [3] , we have that A is a normal subgroup of G and so either A = 1 or A = N because N is a minimal normal subgroup of G. In the first case P is cyclic and in the second one N is the unique maximal subgroup of P. In both cases P is cyclic. So N is cyclic and G is supersoluble, final contradiction. q
It is worth remarking that the arguments used by Srinivasan cannot be employed here. Our second theorem and its corollary improve all the results of the paper of Asaad et al. [l] .
Theorem 2. Let G be a soluble group with a normal subgroup H such that G/H is supersoluble. If all maximal subgroups of the Sylow subgroups of F(H) are S-quasinormally embedded in G, then G is supersoluble.
Proof. Assume the result is false and let G be a counterexample of minimal order.
Then the following statements about G are true.
Step 1: Q(G) = 1. Suppose that Q(G) # 1 and take a prime p dividing I@(G)]. 
Denote T/N = F(CL(N)N/N). Then T/N is nilpotent and N 5 Z(T). Consequently

T is nilpotent and so T 5 F(CL(N)N) which is equal to F(CL(N))N
Step 3: F(H) = F(G). It is clear that F(H) I F(G).
Since G is soluble and @(G) = 1, we have that &c(G) = F( G) is a direct product of minimal normal subgroups of G by [5, p. 2791 
. Assume that F(G) is not contained in F(H).
Then there exists a minimal normal subgroup N of G such that N is not contained in H. Then N 0 H = 1 and H = C&N). In particular, G/CH(N) is supersoluble. Applying Step 2, we have that G/N is supersoluble. Therefore G N G/(H n N) is supersoluble, a contradiction.
Step 4 Therefore Qc # @(Q) and there exists a maximal subgroup T of Q such that QO # T. Then T n QO is a maximal subgroup of Qo and T n QO 4 Q. By hypothesis T n Q,J is S-quasinormally embedded in G. Since T n Q. is subnormal in G, it follows that OP(G) < NG(T n Qo). Therefore T n Q. is a normal subgroup of G. Since Qa is a direct product of minimal normal subgroups of G and T n QO is a proper subgroup of G, there exists a minimal normal subgroup A of G such that QO =A(T n Qo). Now A n (T n Qo) = 1. Therefore A is cyclic and G/C&t) is abelian of exponent dividing p -1. Applying Step 2, we have that G/A is supersoluble. By [4, Ch. VII, Theorem 2.21, G is supersoluble, a contradiction.
Therefore q # p and Qc = Q is a normal subgroup of G. Let Z, be a minimal normal subgroup of G contained in Q. Since @(Q) 5 @(G) = 1, there exists a maximal subgroup Z of Q with Q=ZL.
Since Z is a subnormal S-quasinormally embedded subgroup of G, it follows that 04(G) I No(Z) by the aforesaid result of Deskins. So Z nL = 1 and L is cyclic. This implies that G/Co(L) is abelian of exponent dividing q -1. By
Step 2, G/L is supersoluble and so G is supersoluble, a contradiction.
Consequently, N is cyclic.
Step 5: Final contradiction, Let N be a minimal normal subgroup of G. By
Step 4, N is cyclic and G/N is supersoluble by Steps 2 and 3. Therefore G is supersoluble, a contradiction. 0
Notice that Theorem 2 does not hold for non-soluble groups.
Example. Consider G = SL (2, 5) . Then F(G) is a cyclic group of order 2. Thus we have all maximal subgroups of Sylow subgroups of F(G) are S-quasinormally embedded subgroups of G. However G is not supersoluble.
Corollary. If H is a normal subgroup of G such that G/H is supersoluble and all maximal subgroups of any Sylow subgroup of H are S-quasinormally embedded in G, then G is supersoluble.
Proof. As usual we suppose the corollary false and choose for G a counterexample of smallest order. Then H # 1. By Lemma 1 and Theorem 1, it follows that H is supersoluble and so G is soluble. Let p be the largest prime dividing IHI and let P be a Sylow p-subgroup of H. It is well-known that P is a normal subgroup of H. Since P is characteristic in H, it follows that P is a normal subgroup of G. Then our choice of G implies that G/P is supersoluble. But all maximal subgroups of the Sylow subgroups of F(P) = P are S-quasinormally embedded in G. Applying Theorem 2, we have that G is supersoluble, a contradiction. 0
